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Abstract 

In this paper, for a > —1, we consider the overdetermined problem 
I Vn|"7Wa,A(-D^u) = —f{u) in a bounded smooth domain f], with Dirich- 
let condition n = and Neumann condition d^iu = c on where c is a 
constant, u is constant sign and M.a,A is one of the Pucci's operator. We 
consider different cases for /, covering the case of the principal eigen- 
value for such operators. In all the situations considered we prove that, 
when a is sufficiently close to A, either u = c = = /(O), or is a ball, 
u is radial, and cn < in 

1 Introduction 

In this paper we prove that for a large class of nonlinearities /(m), for M.a,A 
one of the Pucci operators (i.e. either A^a,A = -Ma,A M.a,A = -^a,^) 
a > — 1, if f2 is a bounded smooth domain, such that there exists u a viscosity, 
constant sign solution of 

|VM|"7Wa,A(£'^M) + /(«) = inn, 
u = ' ondn, (1.1) 

dfiU = c on dQ, 

for some constant c, then 

either c = /(O) = = u or Q is a ball and u is radial. 

Overdetermined boundary value problem is a very rich field, somehow started 
by the acclaimed paper by Serrin [20] where it is proved that, if m is a solution 
of 
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u = 

du ^ 

dn 
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in f2 

on d^l 
on dQ, 



then f2 is a ball and u is radial. The proof relies on the method of moving planes. 
Let us remark that this method has already been extended to prove symmetry 
of solutions for fully nonlinear equations both by Gidas, Ni, Nirenberg [T3] and 
by Da Lio, Sirakov [TO] . 

On the other hand the overdetermined problem has been greatly generalized 
to all kind of settings, and geometries and it would be far too long to enumerate 
all the interesting results achieved, let us remark that all these results concern 
divergence form operators. Instead, in order to motivate the results obtained 
here, we shall now describe an interesting connection with principal eigenvalues. 

Precisely, let X{Q) be the functional that associates to a domain Q the 
principal eigenvalue of the Dirichlet problem for the Laplace operator. As it is 
well explained in [IT] , a domain Q is critical for the first eigenvalue functional 
under fixed volume variation if and only if the eigenfunction > associated 
to X{Q) has constant Neumann boundary condition i.e. it is a solution of an 
overdetermined problem. This is proved using the famous Hadamard equality 
(we refer to [TTj and references therein). In \i8l, Pacard and Sicbaldi have 
extended this result to Riemann manifolds. 

In recent years, the concept of principal eigenvalue has been extended to 
fully nonlinear operators, by means of the maximum principle (see [I]). The 
values 



are generalized eigenvalues in the sense that there exists a non trivial solution 
to the Dirichlet problem 



One of the open question, even for the Pucci operator is whether the Faber- 
Krahn inequality holds or not in this context i.e. suppose that f2 is a domain 
of volume V and suppose that i? is a ball with the same volume, is it true that 



X-^{n) = sup{A, 30 > in n, iVcpl'^MaAD^'P) + < in fi} 

x-{n) = sup{A, <omn, \vij\'^MaAD^^) + Ai^rv > inn} 



(n)|0|> = O in = on dQ. 



X+{B) < A+(^])? 
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A first step in this direction is to prove that the ball is critical for A''"(f2) under 
fixed volume variation. In view of what was described above for the Laplacian, 
the result obtained here i.e. that the only bounded domain for which the 
eigenfunction has constant boundary data is the ball, gives a good evidence 
that it may be the case that the ball is the only critical domain. 

For unbounded domains the situation is slightly different, in [2T], B. Sirakov 
considers the case of exterior domains and domains with several connected com- 
ponents and in this reference he also proves that in order to have an overdeter- 
mined solution the domain has to be radial. Recently, in dimension 2, Helein, 
Hauswirth, and Pacard in [13] have constructed a domain for which there exists 
a harmonic function with zero Dirichlet data and constant Neumann boundary, 
which is neither radial nor an exterior domain. The construction of this domain 
is deeply related to the Laplace operator, but it would be interesting to know 
if a similar counterexample can be found for the Pucci operator. This will be 
the object of a future work. 

We come now to a better description of the results contained in this note. 
It is well known that the last step in Serrin's proof is a sort of Hopf 's lemma 
in "corners". Indeed, if the domain contains a squared corner, and two ordered 
solutions touch each other at this corner, then, for any direction entering the 
domain, if the derivatives coincide then the second derivatives have to be sepa- 
rated. Interestingly, this result is a consequence of the fact that the eigenvalue 
of the Laplace Beltrami operator in a quarter sphere S^~^ is exactly 2N, even 
though this is not obvious at all from Serrin's proof. In Proposition 14.11 we 
extend Serrin's result to nonlinear setting considered here as long as a is close 
to A. Here the difficulty is both that one needs to introduce a generalization of 
the Pucci's operator on the sphere and to estimate the eigenvalue on the quarter 
sphere; furthermore it is possible to prove that this eigenvalue is greater than 
2N. This is exactly the reason why we need to choose a close to A. 

The paper is organized in the following way, in the next section we state 
the results concerning the overdetermined problem, in the third section after 
recalling known results we prove a comparison principle which is new and in- 
teresting in itself, the last section is devoted to the proofs of the main result 
including the "Hopf lemma in corner" described above. 
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2 The main result 

In the whole paper, for some h G (0, 1), f2 is a bounded C"^'^ domain of H^, 
a > — 1, and F is defined by 



where either Ma,A = M^^iX) = Atr{X+) - atr{X-) or Ma,A = M~a{X) = 
atr{X~^) — AtrlX"). For / some continuous function we consider the overde- 
termined problem 



where c is a constant and n denotes the unit outer normal to dQ. 
We shall consider the following three cases: 

Case 1 / is nonincreasing and C^, /(O) > . 

Case 2 f{u) = h{u)—g{u) with h and g odd, continuous, non decreasing functions 
satisfying 

Vs > 1, Vr > 0, h{sT) < s^+'^hiT), g{sT) > sl^g^r) for some ^ > 1 + a, 
and either (7 > on 1R+ 01 g = {]. 

Case 3 a = 0, / is Lipschitz continuous. 

Theorem 2.1 In these three cases, there exists a constant 5 which depends 
only on universal data and on f , such that for |a — ^41 < 6, if there exists u a 
constant sign viscosity solution of the overdetermined problem Ii2. then 

either c = /(O) = = u, or Q is a ball, u is radial and c < 0. 

Remark 2.2 In the case where a < the regularity of the solution is a 
consequence of the results in ]3 [^. In the case where a > 0, except in the 
radial case, in the one dimensional case or for operators in divergence form, 
this regularity is an open question. 

Remark 2.3 As an example in the case where / = 1 and for M.a,A = a 
one gets that the solution is given by 




u) + f{u) = in 

on dVt 
on dVt 



(2.1) 



ip{r) 



a + l f 1 + a 



) 



l + OL 




a + 2 \a{{N - + a) + 1) 
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and Q = 5(0, Rc) where Rc and c are linked by the relation 

( 1 + « \ ^ 

Va((iV-l)(l + «) + !);' ' ■ 



As a consequence of Theorem 12. 11 in the case f{u) = X\u\"u, we get 

Corollary 2.4 There exists a constant 6 which depends only on universal data, 
such that for \a — A\ < 6, the only bounded smooth domains for which an 
eigenfunction with constant sign satisfies 

dfiil) = c on dVt 

are balls. 

Remark 2.5 The hypothesis that a is close to A is only needed for the proof of 



Proposition 4-1 which is a generalization of the strict comparison in domains 



with corners in the case of the Laplacian, [2uf . 



3 Preliminary results: comparison principles 
and regularity. 

We begin by recalling the definition of viscosity solution adapted to the present 
context. 

Definition 3.1 v G C{Q)nL°°{Q) is a viscosity super solution of FiVv, D'^v) + 
f{v) = if, for all Xa G VL, 

-either there exists an open ball B{xq, S), 5 > in Q on which v = ate = k 
and /(k) < 0, 

-or^tp G C^(i7), such that v — (f has a local minimum on Xq and Vip{xq) ^ 0, 
one has 

F(Vvp(a;o), DVK)) + fivixo)) < 0. (3.1) 

Of course a symmetric definition can be given for the viscosity sub-solutions, 
and a viscosity solution is a function which is both a super-solution and a 
sub-solution. 

We now recall some classical facts concerning the Pucci's operators. 
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Proposition 3.2 ^ Suppose that f is Lipschitz continuous and that u and v 
are respectively viscosity sub- and supers olutions of 

Ma,A{DM + f{w) = fi, 

and u <v in Q. 

Then either u = voru<vinQ and dft{u — v) > on dQ. 

Furthermore a consequence of the famous Alexandrov-Bakelman-Pucci inequal- 
ity allows to prove a maximum principle in " small domains" : 

Proposition 3.3 Given c{x) a bounded function in Q, there exists 6 depending 
on \c\oo and on a, A, and the diameter ofQ, such that for any fio C i7 satisfying 

MaAD'^w) + c{x)w > inQo, _^ ^ n n 
w < on oil o 

The proof is well known (see pj) but we recall it for completeness sake. Observe 
that w satisfies 

A^a,yi(-D^ty) — c~{x)w > — c^w in fio- 
Hence the Alexandroff Backelman Pucci's theorem implies that w satisfies ([7j) 

SUpW < C\\c'^w\\lN(^q^) 

no 

where C is a constant that depends on a, A and the diameter of Q. Hence for 
\flo\ sufficiently small, sup^^ w < 0. 

We shall also need the following regularity result in the case a = 0, [22] . 

mm- 

Proposition 3.4 Let f be some bounded and Holder function on Q. Then for 
all A > there exist k = k{A, f, Q) and C = C{A, f, Q), there exists e > such 
that for all t g]1 — e, 1], and any u viscosity solution of 

MtAAD^u) = f in 
u = on dfl. 



satisfies 
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This will also be used in the case a 7^ 0. 

Comparison principles play a key role when one deals with viscosity solu- 
tions. We both recall known one (Theorem I3.5P and prove a new one (Theorem 

ED). 

Theorem 3.5 JE/ Suppose that (j) and a are respectively, sub- and super- solutions 
of 

F{Vct>,D^ct>)-l3{ct>)<f, inn, 
F(Va, DV) - /3{a) > /2 zn n, 

with fi, /2 and /3 continuous functions on 1R~*" such that 

-either fi is increasing on IR"*" and fi < f2, 

-or 13 is nondecreasing and fi < /2■ 
//' c" ^ on dQ then a < (p in Q. 

For the proof of Theorem 12.11 we shall need the following refined comparison 
principle, where we have denoted in a classical way and for simplicity F[v] = 
F{Vv,D'^v) : 

Theorem 3.6 Assume that u and v are constant sign , \v\ > on Q, and are 

viscosity solutions of 

F[v] + h{v) - g{v) <0 mn 

and 

F[u] + h{u) - g{u) > m 

where h and g are continuous, odd and non decreasing functions such that for 
some /? > 1 + a, for all s > 1 and for all r > 

• h{sT) < s^+"/i(r), 

• gisr) > s^g{r) > 0. 

Then the comparison principle holds i.e. if u < v on dVt then u < v in Q. 
If g = and h is increasing then the same conclusion holds. 

The proof is postponed to the end of the section. 

Remark 3.7 In these Theorems, fl needs not be regular, bounded is sufficient. 
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We shall also need the following strong comparison principle : 

Proposition 3.8 fB] Let f be and let u and v be respectively nonnegative 
C^{Q) viscosity solutions of 

F{Vu,D'^u) + f{u) <0 zn 

F{Vv,D\) + f{v) >0 m n, 

with u > V in Q. Suppose that there exists x G such that u{x) = v{x) 
and either Vv{x) ^ or Vu{x) ^ 0, then there exists R such that u = v on 

B{x,R)nn. 

Furthermore if v > in Q, v = on dQ, such that there exists x G dQ such 
that u{x) = 0, and dfiu{x) = dftv{x), then there exists e > such that 

u = V in Q\Q^ 

where is the set of points of Q whose distance to the connected component 
of the boundary which contains x is greater than e. 

This proposition holds for a more general class of operators than the one con- 
sidered here. It will be used in the proof of Theorem 12.11 

Proof of Theorem \3.(A We can assume without loss of generality that u and 
V are positive. 

We suppose by contradiction that somewhere u > v. Let 7' = supf^ ^, let 
K= m.^\g{v{x))\{{'~^'Y — and let 7 g]1, 7' [ sufficiently close to 7 in order 

that 

sup |/i(7f) — h{^'v)\ < — 
and 'm.i_\g{v{x))\{'^^ — '^^^'^) > — . Let us note that u — 'jv achieves its positive 

xGQ 4 

maximum inside Q. 

Let us define ipj{x, y) = u{x) — ^v{y) — ^\x — y\'' where q > sup(^i|, 2). It 
is classical that ifjj achieves its maximum on some pair {xj,yj) which is in 
and that {xj,yj) — )■ {x,x) where 

u{x) — 7f (x) = sup(M(a;) — ^v{x)) > 0. 
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Moreover j\xj — yjl'^ — 0. Then using Ishii's lemma, see [11112] , there exist Xj, 
Yj in S with {j\xj-yj\''-'^{xj-yj), Xj) e J'^'+u{xj), ij\xj-yj\''-'^{xj~yj), -Yj) e 
J'^~v{yj) with 

X, + 7^, < 0. 

In order to use the equations, from the definition of viscosity solutions we need 
to prove that Xj ^ yj , this will be checked later. One has, using the fact that 
u and V are sub and super solutions 

- h{u{xj)) + g{u{xj)) < F{j\xj - yj\'^'\xj - yj),Xj) 

< ^^+-F{j\x,-y,r'{x,-y,),~Y,) 

< (-hiviy,)) + giviy,))) . 

(3.2) 

Passing to the limit and using the properties of h and g one obtains 

—h{'j'v{x))+g{'yv{x)) < —h{u{x))+g{u{x)) 

< -f^+^'i-hivix)) + g{v{x))) 

3k, 

< -hi-yvix)) + -f^g{v{x)) - — 

< -h{^'v{x)) + gi-fv{x)) - - 

which is a contradiction. 

We now suppose that g = and h is increasing. We begin to prove the result 
when there exists 6 > such that 

F[v] + h{v) < -6 (3.3) 

Since v > on fi, we define 7' as before, we want to prove that 7' < 1, then we 
suppose by contradiction that 7' > 1. Let 7 g]1,7'[ be small enough in order 
that by the continuity of h and the boundedness of v one has 

sup Ih^yv^x)) — h{'jv{x))\ < -. 

By passing to the limit in (13. 2 p with g' = 0, and using the properties of we 
obtain 



-h{-i'v{x)) < -h{u{x)) < -7^+"/i(t;(x)) -5< -h{-i'v{x)) - -, 
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a contradiction. 

Suppose fl3.3l) does not hold, and recall that v > on n. For any arbitrary 
positive e let We = v{l + e) — ™'^"^ e. Then u < on dfl and since h is now 
supposed to be increasing, there exists 6^ > such that h{we) < {l + ey~^°'h{v) — 
(5e hence 

FH + h{w,) < (1 + e)i+"(FH + h{v)) -S,< -5, 

and then, from the previous result, u < in Q and, letting e go to zero, u < v 
in fi. 

There remains to prove that Xj ^ yj definitively. If Xj = yj, one would have 

j j 
v{x) > v{xj) \x — Xjl"^ and u{x) < u{xj) -\ — \x — Xj\'^. 



If the infimum 



inf \v(x) + -\x — Xjl*^} 



is not strict then one can replace Xj by some point yj close to it and then we 
are done. The same is true if we assume that the supremum 

sup {u{x) — -\x — X 

X&Br{Xj) Q 

is not strict. So we assume that both extrema are strict. In this case, proceed- 
ing as in [2] one can prove, using the equation and the definition of viscosity 
solution, that 

h{y{xj)) — g{y{xj)) < and h{u{xj)) — g{v{xj)) > 0. 
Passing to the limit the inequality becomes 

h{v{x)) — g{v{x)) < and h{u{x)) — g{u{x)) > 0. 

Using u{x) > v{x) one derives that 

h{u{x)) > g{u{x)) > (jl^)' 9{v{x)) > {j^Jh{v{x)). 

Let us note that we have h{u{x)) > by the previous inequalities and then also 

h{v{x)) > h{u{x)) > 0. 
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Finally this gives 



UiX] \ / M X ^ 



ViX] / \V[X 



which is a contradiction, since > 1 and B > 1 + a. 

' v(x) ^ 

In the case where g = ^ the result holds by the increasing behavior of h. 
This ends the proof of Theorem 13.61 

We end this section with an important remark concerning regularity of solutions 
close to the boundary : 



h{v{x)) > 



Remark 3.9 Observe that, as a consequence of Proposition \3.4\ using Hopf 
lemma, we know that for any u, , constant sign solution of 

M = on dfl, 

then there exists 7 G (0, 1) and a neighborhood of dQ such that u G C^'''' in that 
neighborhood. 

To prove this regularity in the case a < 0, this hypothesis that u is is not 
needed, furthermore the result is true everywhere; the proof can be found in 
[5]. When a > one can use the same arguments as in |[6j. Theorem 2.8. 



4 Proofs of the main results 

As in Serrin's original paper j20j we use the moving planes method. 
We shall need the two following results : 

Proposition 4.1 Suppose that f is on 1R+. Suppose that Q* is some bounded 
C^'^ domain, and suppose that Hq is an hyperplane such that there exists P G 
Hq n dVt* , with na*{P) G Hq. Let fl be the intersection of fl* with one of the 
half spaces bounded by Hq. 

Suppose that u and v are solutions of 

\Vv\^Ma,AiD^v) + f{v) < \Vu\''Ma,A{D^u) + /M «^ ^> 

u < V in a neighborhood of P in Q, 
u{P)=v{P) and either \Vu{P)\ ^ or\Vv{P)\^0. 
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For any v G a direction pointing inside f2 i.e. such that v ■ n{P) < 0, and 
also such that v ■ ei > 0, then, 

either dpv{P) > d^P) or dlv{P) > djiP). 

Lemma 4.2 For any u solution of Ii2. ifdfl is the zero level set of a function 
ip then for any P G dQ, D'^u{P) depends only on xf), V?/' and D'^ifj on P. 

We postpone the proofs of these two results and prove Theorem I2.1[ For 
convenience of the reader we recall the three cases we are going to treat: 

Case 1 / is nonincreasing and C^, /(O) > 0. 

Case 2 f{u) = h{u)—g{u) with h and g odd, continuous, non decreasing functions 
satisfying 

Vs > 1, Vr > 0, h{sT) < s^+"/i(r), g{sT) > sl^g^r) for some /3 > 1 + a, 
and either (7 > on 1R+ 01 g = Q. 

Case 3 a = 0, / is Lipschitz continuous. 



Proof of Theorem 12.11 We start by remarking that by Hopf 's principle 
either -u = and then c = /(O) = 0, or \u\ > in f2. Without loss of generality 
we shall suppose that m > and then c < 0. 

In order to start the moving plane procedure, we choose a direction, say 
Ci, and for t G H, we denote by Ht the hyperplane {xi = t} and the sets 
fij" = n {xi < t}, and ilf = {x, Xi > t, {2t - Xi, x') G ilt}- 

We define Ut{x) = u{2t — xi, x'). It is easy to see that for any G C^, the 
eigenvalues of the Hessian of and (pt are the same, hence, using the definition 
of viscosity solution and the definition of Pucci's operator, we get that u and 
Ut satisfy the same equation in Vtf . 

It is clear that for t < large, Vt^ = 0. Let ti = sup{t,Q^ = 0} and 
t* = sup{t, Wt < t , Qf C Q} then t* is such that one of the two following 
events occurs: 

- event 1 : Hf* contains the normal to the boundary of Q at some point P, 

or 

- event 2 : Qfi, becomes internally tangent to the boundary of Q at some 
point P not on Ht*. 

Recall that for any t E {ti,t*), u = Ut on Ht fl Vlf , and u>Ut on dVL^ fl Vt. 



12 



In all three cases we need to prove the following two steps: 
Step 1 Ut < u in Qf for any t G {ti,t*]. 

Step 2 f2 is symmetric with respect to Ht* i.e. Q = Q^* U r2jt U Ht*. 

This ends the proof because since the direction ei was chosen arbitrarily, 
this implies that fl is symmetric with respect to any direction and is therefore 
a ball. 

Proof of step 2. First suppose that "event 2" occurs i.e. there exists 
P G dQ^i, n dQ. Since the unit exterior normal to dfl in P is the same than 
the one of dQ — t*'^ and by obvious symmetries, dfiUt*{P) = dfiu{P) = c. Using 
Proposition 13. 8[ one gets that it = on all the connected component of dQf* fl Q 
which contains P, this implies that dQndQf* = dQf* \Ht*. Then Q is symmetric 
with respect to Ht*, hence symmetric with respect to Xi. 

We now consider "event 1", i.e. we suppose that there exists some point 
P G Ht* n on, with n^{P) G Ht*. We begin to prove that u = Ut* in a 
neighborhood of P in fij. 

Since Vu 7^ around P, using Proposition 13.81 either u = ut* ot u > ut* in 
a neighborhood of P. 

Suppose by contradiction that u > Ut* inside Qt* ^B{P, R), then, by Propo- 
sition S]T1 if z7 is such that u ■ n < 0, and z7- ci > 0, either d0u{P) > dpUt*{P) 
or dlu{P) > dlut*{P). 

The first inequality is impossible since on dVt, d^u{P) = c{V-n) = d0Ut*{P). 
The second inequality is also impossible because Lemma implies that d1u{P) = 
dlut*{P). 

Observe that in case 2 one applies Proposition 14.11 in the following manner 

F[u] - g{u) < -h{u) < -h{v) < F[v] - g{v). 

We have obtained that u = Ut* in a neighborhood of P. This implies in 
particular that m = on dVLt* fl S(P, R) hence dVLt* fl S(P, R) C dVL. Using 
Proposition 13.81 we get that m = in dVLt* \ Ht* . This of course implies that VL 
is symmetric with respect to Ht*. 

Proof of Step 1 in Case 1 is just an application of Theorem 13.51 in Vf^ . 

Proof of Step 1 in Case 2. For t < t* there are no points in dQ fl Ht 
with fifi G Ht. Then, for u = — finj(P), 

dpu{x) > and dpUt{x) < 



13 



As a consequence there exists e > such that on B{x,e) fl Q'^, ut < u. Let 
Be = UxednnHtB{x, e). 

Since u > on dQf \ there exists a neighborhood of dVl'l \ such 
that u > Ut on V^. Let Qo = \ (Be U K), then > in and u > Ut in 

B, u y,. 

We are in the hypothesis of Theorem 13.61 hence ut < u in Qo and hence in 
Qf. By continuity, the inequahty holds also for t = t*. 

Proof of Step 1 in Case 3. 

Let us recall that we are in the case a = 0, and / is only supposed to be 
Lipschitz continuous. Here the key argument will not be the first comparison 
principle in Theorem 13.51 but the maximum principle in small domains. 

We start by proving that, for t sufficiently close to ti, Ut < u in Qf. 
Without loss of generality one can assume that ti = 0. We need to prove that 
for some h > and for t G [0, h[, Ut < u in Q^. 

Let Q G dQ n Hq. Then nn{Q) = — ei, Neumann condition implies that 
dxiU{Q) = — c, hence since u is C^, there exists r > such that on B{Q, r) fl fi, 
dxiu{x) > Hence for t small enough u is strictly increasing in fl {xi < 2t} 
and then, for t < Xi < 2t, u{2t — xi,x') < u{xi,x'). 
We now define 

t = sup{t < t*,W < t, Uf <uin fijt}. 

We want to prove that t = t*. 

Suppose by contradiction that t < t* then dflf \Ht C Q with n^{P) ■ el < 
on P G dflDHt. These two conditions imply that ^It+h C Q for h small enough. 
Observe that Ut < u in Qf. Indeed, since / is Lipschitz continuous, one can 
use the strong maximum principle Proposition 13.21 for the difference ui — u and 
obtain both that ui < u inside Qq and d^^ {u — u^) > on dQt fl Hf. 

Claim For h > small enough Ut+h < u in fi^^j. 
This claim will contradict the definition of i. 
To prove the claim, let i^' be a compact subset of Qf such that 

\nf \K\< 26, 

where 5 > is the constant in Proposition 13. 31 with respect to Q and |7(a;)|oo = 
Lf the Lipschitz constant of / .Clearly in K, Ut < u and, by continuity, for any 
h sufficiently small, we still have Ut+h < u in K. 
Take h sufficiently small in order that K <ZC ^It+h and 

\^U\K\<S. 
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Since u and uj+h satisfy the same equation in ^Ij+h, w = Ut+h — u satisfies 

Ml^w + Lfw>0 in nt^, \ K 

and w < in 9 \ K) . 

Applying Proposition I3.3[ we obtain that if < in fi^;^ \ K. Finally 
Ut+h < "U in fif+h, for any h > Q sufficiently small. 

We have obtained that 1=1*. This ends the proof of step 1 and hence of 
Theorem 12.11 

We now prove the two technical results used in the proof. 
The proof of Proposition 14.11 relies on a more general lemma about barriers 
by below on some angular sector in the sphere 

Lemma 4.3 For any S an open connected subset of the quarter sphere , for 
any e > 0, there exists ^a,A,e > 0; ^'^'^ -0 : — )■ IR such that for any 7 > '^a,A,e' 
the function w = r'^ipsi^') satisfies 

( M-j^{D^w) > er-'^w in {x G IR^; ^ G S}, 
< > in S, 

[ ^p = ondS 

and \Vw\ < Ca,A,s,-yr'^~^ , for some constant Ca,A,s,'y 

Furthermore if Ss CC , with \Ss - S^\ < S, lim(e,5)^(o,o), a^AJaX^ = 2- 

We postpone the proof of Lemma 14.31 and prove Proposition 14.11 

Proof of Proposition \4-l\ Without loss of generality we shall suppose that 
F[o = {xi = 0}. Let us note first that since v > u on a. neighborhood of P, 
dciv{P) > dciu{P), so we assume that dpv^P) = d^u^P), and we want to prove 
that div{P) > dlu{P). 

Since the boundary of dVL*^ is C"^'^ and m is C^, one can assume that = P 
and R is such that L2 > \Vu\ > Li > in S(0, R). 

Using Lemma 14. 3[ we will prove that there exist R > and m > such 
that for K = {r < R, a & S} and w = r"'il){a) then u + mw satisfies on K 

F{V{u+mw),D^{u + mw))~{Lf + l){u+mw) > FiVv, D^v)-{Lf + l)v (4.1) 

with V > u + mw on the boundary of K. 
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A direct consequence of Lemma 14.31 is that 7 > 2 for a ^ A. This imphes 
that to conclude the proof we need the Holder regularity of the derivative (see 
Proposition I3.4p which gives, since u is and / is Holder's continuous : 

for some k^,/- 

So we choose 5 > such that the sector = 5*5 is sufficiently close to the 
quarter of sphere, e sufficiently small and a and A sufficiently close to each 
other in order that 7^^^^ ^ in Lemma 14.31 be such that 7^''^ ^ < 2 + /«, where k is 
recalled above. In the following we drop for simplicity the index and exponents 
in 7^^ and use the notation 7. 

Referring to the notation of Lemma 14.31 we now choose R small enough in 
order that C fi, Ca,A,Sia^~^ — "^); such that- assuming from 

now on and for simplicity that a < 0, the changes to bring for a > being 
immediate - 

(^^^ R-'e > 2l"lL?aA5„7^-'|/(«)loo + {Lf + 1) 

Let finally m < 1 be such that {v — u){R, 9) > mR'^'i/j{9). This is possible using 
the strict comparison principle in the following way: 

Let us observe that if Q G fi* fl i^o H Br{P) is such that {v — u){Q) = 0, 
dxA'^-^){Q) < 0- Indeed, let S be a ball tangent to dil onQ, B C finS/j(F). 
By Theorem 13. 8[ u < v in B implies dxj^{u — v){Q) < 0. Then by the continuity 
of dxi{u — v) , there exists some neighborhood Vq and some dq such that 
{v — u) > SqXi on Vq. If (f — u){Q) > the same result is obvious by 
continuity. Using a finite recovering of the sphere of center P and radius R by 
such neighborhoods one gets 

RS 

{v - u){R, a) > Sxi > 5Rd{x, dS) > - — -^/^(a) = mR^iP{a). 

lipip 

We now observe that by the choice of m and i?, ^ < |V(it + mw)\ < ^ 
and then (^)" < |V(m + mw)\'' < (^)°. Also : 

\V{u + mw)\''Ma,A{D^u + mD'^w) > |Vti|°Ala,A(^^^^) - "i|Vzi;|ooi^i2""|/(u)|c 



> |Vn|°M,,^(D2^) + (Lj + l)zi; 



16 



Consequently one has 



\V{u + mw)\''Ma,A{D^u + mD^w) - {Lf + l){u + mw) 

> \Vu\''Ma,A{D^u) - {Lf + l)u 

> \Vv\''MaAD^v)-{Lf + l)v. 

By Theorem 13.51 one derives that v > u + mw. 

Suppose now that di;u{P) = di;v{P), and d'iu{P) = d'iv{P). This imphes since 
u and V are in C^'*^ for the k given in Proposition 13.41 that there exists some 
constant c such that for all r < R, 

{v - u){r, V) < cr'^^'^. 

This is a contradiction with v >u + r^ip{i'), since z7 belongs to as soon as 5 
is small enough. 

Proof of Lemma \4-'^ '■ In this proof, we need to compute a second order 
fully nonlinear operator on functions defined on the unit sphere. Since we shall 
use theories that have been developed only for fully nonlinear operators on 
functions on we use an explicit system of coordinates on the sphere which 
is easy to manipulate and convenient for what we intend to prove, but, of course, 
other choices are possible. We denote by E the homeomorphism which sends 
]0> f [x] - f ' f into S+, defined by 



where 



n ^2 1 n 

di = arctg — and Bi = arctg . 



here fi = \J 'Yl\=i ^1 ^^^^^ in the following, we shall use the following notations: 
x[ = {xi,. . . ,Xi) and (x-, 0) = (x-, 0, . . . , 0). 

It is easy to see that if J = ^ ^ ^ 

V0i = (#,O) and V0. = (-^,4^,O). 

'2 '«'«+! ' i+l 
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Hence 



■ ve, = 5.. 



3 ~ ^2 



Let be a function defined on ]0, f [x] - |, f [^-^ and w = rT^(S(^)). In 
the following, for simplicity, we replace o E by ■0. 
Obvious direct calculations give : 

+7^ (/+(7-2)^0^)), 

summing over repeated indices. 

We shall now compute the eigenvalues of each one of these matrices. For 
©j = x V6'j + V9i X it is easy to see that 

Qiix) = r^V^i and ©^(V^i) = |V^i|^x = -^x. 
This gives that the non trivial eigenvalues of Oj are 

Ai(e,) = -A2(e,) = 

Observe that D^Oi is zero outside a 2 x 2 matrix and precisely for 

J 

we get that 

whose non zero eigenvalues are Ai = ^ = — A2. Similarly, for i > 1, D^9i is a 

^2 

matrix which is zero outside of an (i + 1) x (i + 1) matrix 




3 -^i 3"^ 



with 



i+1 



Observe that Mj (and Di) has i — 1 eigenvalues for some eigenvectors orthogonal 



to Xf 



Since Mj(x9 = -^^tllia:- the other 2 eigenvalues of A are given by the eigen- 
values of the matrix 



ri{x^+i - rf) -2riX. 



which are 



Hence, for 



Ai — — A2 



T{a) 



/y.2 _|_ ^2 



i+1 



/ ^ 

^ 0... 



i+1 



V ... 1 y 

by writing the matrix of the basis generated by (V^i, ■ ■ ■ V^at-i), we 

denote with an abuse of notation, ipg-g r'^iVOi ® V6j) = T {a) D'^ {ilj)r {a) . 

Using the properties of the operator A^~^ and using the same notation for 
the Pucci's operators on matrices N x N and {N — 1) x {N — 1) 



2 

+(a-^)|^,,|(^ + 7f) 

2 

— + ^ 
^i+i ^i+i 

2 



N-l 



+(a-A)Y,\i;oMi-— + -^) + 



1=1 



N-l 



1=1 
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where ea,A(t) = a sign"*" t + A sign t. Let Hjj^ the operator defined on S as 
HJM) := M-Jr{a)D\^jna)) + {a-A)\i;eAC^ + l'' 



+ (a -A)Y, iV'e.KT + ^) + 



Af-1 9 



One can note that the coefficients in the definition of ^ are bounded on 
every set Ss. Furthermore since T{a) is invertible, then the operator Hj ^ is 
uniformly elhptic. Let us recall the definition 

X{H2^A^ S) = sup{A, 3'ilj>0mS, HJ^aW + Xip < in S}. 

Using the results in [T7], A is well defined and there exists ip > in S such that 

and ip = on dS. Furthermore -0 is Lipschitz continuous. 
To conclude it is then sufficient to impose to 7f ^ ^ to be such that aj^^ e(7f a e + 
N — 2) > (e + X{H2a^S)) to get the desired result, and to take as some 
principal positive eigenfunction for the operator Hj^. 

We now prove the on 'ja,A,Ss- 
Observe that -//^^(-i/^) = AAsi^ where A5 is the Laplace Beltrami operator on 

the sphere, and A(if^^,5'+) = 2NA. Then using classical elliptic estimates, 
for all e > 0, there exists 6 > such that for |a — A| < 6, there exists 7 G 

{2,2 + KAj), 

\X{H2^A,Ss)-2NA\<2e. 

This implies the result. 

Proof of Lemma \4-S\ Suppose that is a function, such that in a neigh- 
borhood of P, dfl coincides with the graph xjy = (f>{xi, ■ ■ -x^^i). Without loss 
of generality we can suppose that P = and is normal to dQ in 0, hence 
V(^(0) = 0. The Neumann boundary condition gives 

fc=7V-l 

Onu- Y1 dkudk(p = -c{l + \V(j)\^)-^; (4.2) 

k=l 
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this together with the Dirichlet condition gives for 1 < z < — 1: 

{diU + dNudi(/)){xi, - ■ ■ ^XN-iAi^i, - ■ ■ = 0. (4.3) 

Hence d]\fu{0) = — c and diu{0) = 0. 

Taking the derivative with respect to xj of (14 .Sp with j = 1, . . . , N — 1 gives 



diju{0) - cdij(j){0) = 0. 
Taking the derivative with respect to j & [1, N — 1] of the identity (14. 2p gives, 

dNjU{0) = 0. 

Finally 

DMo) = ( ^^;*<») » ) 

V ONNUiO) J 

and then, by passing to the limit on the boundary in the equation 
one obtains 

unn{0) = /3 (-A1,,a(cDV)(0) - |c|-"/(0)) , 

here A4a,A is understood as acting on (A^ — 1) x (A^ — 1) matrices and /3 = ^ 
or ^ depending on the sign of —J^a,A{cD^(f)){0) — |c|^"/(0). 
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